Abstract This paper addresses a mathematical model and dynamic analysis of multi-unit hydropower systems in transient process. In this work, the first unit is assumed to be subject to a sudden load decrease, while the second unit runs with load. A approach to the description of the six stochastic dynamic transfer coefficients of the hydro-turbine is proposed for the second unit.
Introduction
In common practice, the multi-unit hydropower system (MUHS) is widely used in medium hydropower stations and pumped storage power stations in order to reduce the cost of construction units [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] . MUHSs are complex hydraulic-mechanical-electro dynamic systems that contain some nonlinear factors like the water-hammer effect in penstock and the self-excited vibration. That is, MUHS plays a key role in ensuring the safety and stability of hydropower plants [11] [12] [13] [14] [15] [16] [17] [18] . Therefore, the study of multi-unit hydropower systems results extremely relevant.
In the existent literature, few studies are dedicated to the investigation of multi-unit hydropower systems. In addition to this, most of these works focus mainly on the modeling of hydropower systems assuming steady state [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] . Conversely, the research referred to transient processes is quite limited [17, 22] . In spite of this, in the actual operation of hydropower stations, transient processes are directly related to the dynamic behavior of hydropower plants [28] [29] [30] [31] [32] [33] [34] . Therefore, it is of crucial importance to fully understand and model the dynamic characteristics of multi-unit hydropower systems in transient process.
For these reasons, in order to study nonlinear laws and behaviors of the dynamic MUHS, nonlinear dynamic that can accurately predict evolution process is therefore introduced into the hydropower system to queries complex nonlinear problems in system. In this work, the behavior of a MUHS with two units subject to transient process is investigated. The main novelty of this paper consists of three aspects: first, an innovative approach to the identification of six stochastic dynamic transfer coefficients of the hydro-turbine is proposed for the modeling of the variation characteristics of the second unit (which, as mentioned above, runs normally at the beginning of the transient process). Second, a novel nonlinear dynamic mathematical model of multi-unit hydropower systems for the transient process, considering water hammer and the nonlinearity of the generator is proposed. Third, the method implemented is numerical applied to a hypothetical system in order to study its dynamic behavior. Finally, a comparative analysis is proposed in order to validate the proposed system. The paper is organized as follows: in Section 2, the novel nonlinear dynamic mathematical model is established. Section 3 analyzes the dynamic behavior of the system adopting the developed approach. In Section 4, a comparative analysis of the system is carried out in order to validate the proposed system. Finally, conclusions and further discussion are introduced in Section 5 and 6 respectively. 
Model of multi-unit hydropower systems
A multi-unit hydropower system consists mainly of a synchronous generator, a hydro-turbine, a governor and a penstock, as shown in Fig. 1 [18] . 
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Mathematical model of Francis hydro-turbines
The dynamic characteristics of a Francis hydro-turbine [12] can be expressed as
where t M , Q , H , n and z denote the mechanical torque of the hydro-turbine, the hydro-turbine flow, the hydro-turbine head, the hydro-turbine speed and the guide vane opening, respectively.
Based on Taylor series expansion, Eq. (1) can be rewritten as
Subsequently, Eq. (2) can be expressed as
Based on ref. [12] , assuming that the guide vane opening z is equal to the main servomotor stroke Y . Thus, Eq. (3) can be written as 
Penstock model considering water hammer
Generally, the water supply mechanism for the penstock system includes a hydro-turbine set with an individual penstock, multi-hydro-turbine sets with shared common penstock and multi-hydro-turbine sets with shared multi-penstocks [18] . In this paper, the multi-hydro-turbine sets with shared common penstock are considered, as shown in Fig. 2 . 
where wp T is the water starting time of the common penstock. 
(6)
Meanwhile, the state-space equations of Eq. (6) can be written as 
Mathematical model of the generator
In this subsection, a third-order model of the generator is considered. Its dynamic characteristic expressions [18, 37] can be written as
where Eq. (9) can be expressed as
where T x and L x are the short-circuit reactance of the transformer and the transmission line reactance, respectively.
Mathematical model of the hydraulic speed regulation system
Both unit 1 and unit 2 of the MUHS considered in this study use a parallel PID governor.
Assuming the governor system to be a non-disturbance system, the dynamic characteristics of the hydraulic servo system [14, 22, 32] can be described as 
Dynamic expressions of transfer coefficients of the hydro-turbine
Both the units under study are assumed to run with 80% load at the beginning of the transient process. Unit 1 is assumed subject to a sudden load decrease transient for t=0 s, while unit 2 operates normally. Moreover, to obtain the dynamic transfer coefficients of the hydro-turbine of the MUHS, the internal characteristics method [12] is utilized.
In light of this, the steady state equations of the Francis hydro-turbine [12] can be written as 
where W ,  , 
From Refs [17-19, 32, 37] 
MUHS model
From the above analysis, we acquire the mathematical model of the MUHS is obtained as 
Numerical experiments
In this section, the Runge Kutta Table 2 . Therefore, significant fluctuations for the parameters of unit 2 can be observed. Obviously, the fluctuations threaten the stability of unit 2. Nevertheless, it must be noted that, since the unit 2 is connected to the electric system, its frequency will eventually mach the frequency of the electric system.
Figs. [5] [6] show that the deviations y and  of unit 1 result both larger than that of unit 2. This is due to the larger intensity of the load disturbance for unit 1 in comparison to that of unit 2.
Moreover, the deviations y of both units result higher than the corresponding deviations  . This indicates that, in order to guarantee the safety and stability of the electric system, large frequency fluctuations for the MUHS must be avoided under the control of the PID. Conversely, when adapting to the significant change of the hydro-turbine flow of unit 1, a large deviation for the guide vane opening of the MUHS is registered.
Moreover, six time values for unit 1 (t=0 s, t=0.35 s, t=0.7 s, t=1.62 s, t=1.73 s, t=2 s) 
Comparisons
The results obtained in this study, show that the novel mathematical model proposed for the MUHS can effectively capture the essence of the nonlinearity of the system during the transient process. In order to validate the model, a comparison between the novel and previous mathematical model of the MUHS has been performed.
The model provided by Ba DD et al. [38] has been taken into consideration and applied introducing the transfer coefficients [32] into the model of unit 1. Conversely, the transfer coefficients of the hydro-turbine of unit 2 [38] are assumed constants, and the basic system parameters are considered unchanged in this paper. Finally, the Runge Kutta  method is adopted to obtain the numerical results, as shown in Fig. 9 . Fig. 9 . Comparison of the bifurcation diagrams of the multi-unit hydropower system of the proposed and the one from ref. [38] .
As shown in Fig. 9 , the generator rotor speed of unit 2 fluctuates along with the generator rotor speed of unit 1 with regard to the proposed model. 3.4 t  s, the MUHS operates stably. In the case of the Ba DD model for unit 2, the deviation of the generator rotor speed changes around zero for the whole transient process. This implies that the changes of the system parameters of unit 2 have no impact on unit 1. Therefore, model the implemented by Ba DD cannot better describe the dynamic behavior of the MUHS. Moreover, the maximum deviation of the generator rotor speed of unit 1 according to the model proposed in this study is 0.03797, while according to Ba DD model is 0.5348. However, the fact is that, the generator rotor speed cannot change dramatically in the transient state due to its connection with the electric system. Therefore, the novel mathematical model shows obvious advantages over the previously existent model.
Conclusions
In this work, the model of a MUHS with 2 operating units has been implemented. The indicates that the state of the MUHS evolves from stability to instability. Moreover, the intensity of the vibration of unit 1 is significantly larger than that of unit 2. The reason of this can be explained by the states of the two units: while unit 1 is a transient state due to a sudden decrease of the load, unit 2 runs normally. It must be noted that the variation of the guide vane opening is larger than that of the generator speed. This is due to the frequency of the electric system that limits significantly the frequency variation of the MUHS. Finally, it is worth mentioning that the change of the hydro-turbine flow of unit 1 directly influences the hydro-turbine flow of the common penstock and unit 2. The analytical methods proposed and numerical results obtained in this study aim to provide theoretical guidance to the safe operation of the hydropower station.
Discussion
The approach proposed in this work provides guidance for actual operation of MUHSs. First of all, a model is established to adequately describe the nonlinearity of the MUHS and to study the stability of hydropower systems. This model is proven to ensure the safe and economical operation of hydropower stations. Second, the numerical results obtained are in good agreement with the corresponding theory and practical engineering, providing new ideas for the process monitoring and fault detection of hydropower plants. In addition to this, the model proposed in this study can be adopted for the design of the MUHS controller. Therefore, future research will focus on the study of the controller of the MUHS during the transient process to enhance the operational stability of hydropower stations. Also, the fault diagnosis of the MUHS will be further investigated adopting the mentioned results in the transient process.
